We provide a classification of half-supersymmetric branes in quarter-maximal supergravity theories with scalars parametrising coset manifolds. Guided by the results previously obtained for the half-maximal theories, we are able to show that half-supersymmetric branes correspond to the real longest weights of the representations of the brane charges, where the reality properties of the weights are determined from the Tits-Satake diagrams associated to the global symmetry groups. We show that the resulting brane structure is universal for all theories that can be uplifted to six dimensions. We also show that when viewing these theories as low-energy theories for the suitably compactified heterotic string, the classification we obtain is in perfect agreement with the wrapping rules derived in previous works for the same theory compactified on tori. Finally, we relate the branes to the R-symmetry representations of the central charges and we show that in general the degeneracies of the BPS conditions are twice those of the half-maximal theories and four times those of the maximal ones.
Introduction
In general, BPS states are massive representations of extended supersymmetry algebras such that the inequality relating their mass and their central charge is saturated. This implies that the representations are short and thus the relation between the mass and the charge is quantum-mechanically exact. Although one can explicitly determine the spectrum of string theories only at the perturbative level, non-perturbative BPS branes manifest themselves in the low-energy supergravity effective actions as solutions preserving a portion of the supersymmetry of the corresponding theory. It is for this reason that the study of these objects in supergravity has played a crucial role in understanding nonperturbative string dualities. Among all BPS branes, the ones that preserve the largest amount of supersymmetry, i.e. 1/2-supersymmetric branes, are special because one can think of the branes preserving less supersymmetry as bound states of them. In this sense, 1/2-supersymmetric branes are the basic building blocks of all the BPS branes of a theory.
The structure of BPS brane solutions of maximal supergravity theories was analysed originally in [1, 2, 3] for the solutions that are electrically or magnetically charged under the form fields of the theory that carry propagating degrees of freedom (with the exception of the scalar fields). Such BPS branes always have three or more transverse directions. It turns out that one can also consider branes with two, one or zero transverse directions, called respectively defect branes, domain walls and space-filling branes. Although these branes are not globally consistent as supergravity solutions they can nonetheless be described in terms of a world-volume effective action. One can consider as prototype examples the D7 and D9-branes of the IIB theory and the D8-brane of the IIA theory. It is well known that a single D7-brane does not have finite energy [4, 5] . To obtain finite-energy solutions one must construct multiple brane configurations which include orientifolds. The IIA D8-brane can be viewed as a solution of the massive IIA theory [6] whose consistency also requires orientifolds [7] . Finally, the D9-brane of the IIB theory plays a crucial role in the Type-I orientifold construction [8, 9] . Although none of these objects is a consistent single-brane configuration, one can construct for each of them a kappa-symmetric effective action, whose existence will be considered in this paper as a guiding principle for classifying branes.
In general, a p-brane is electrically charged under a (p + 1)-form. Indeed, one can consider a (D−p−4)-brane, magnetically charged under a (p+1)-form, as being electrically charged with respect to its dual (D − p − 3)-form. As already mentioned, this covers all the branes with at least three transverse directions. The branes with two, one or zero transverse directions are charged under (D − 2), (D − 1) and D-forms. The (D − 2)-forms are dual to the scalars and they always belong to the adjoint representation of the global symmetry group of the theory. On the contrary, the (D − 1)-and the D-forms are not associated to any degree of freedom and their representations can only be determined by requiring the closure of the supersymmetry and gauge algebras. In the case of the IIA and IIB theories, the full list of such fields was determined [10, 11, 12] and it includes the forms associated to the D8-and D9-branes together with additional forms. This was generalised to all maximal supergravity theories in any dimension in [13, 14] using the E 11 Kac-Moody algebra [15] and in [16] using the embedding-tensor formalism [17] . Based on this, recently the Tits-Satake diagram one reads the reality properties of the roots, and hence those of the weights, and it turns out that the light-cone rules select the real longest weights of the representations of SO(d, d + n). This is consistent with the result of the maximal theories, because the Tits-Satake diagram for the maximally non-compact form of a given algebra results in roots, and therefore in weights, that are all real.
Guided by these findings, we then move to the main result of the paper. We consider matter-coupled supergravity theories with eight supercharges, with scalars parametrising coset manifolds. Each simple factor of the global symmetry will be a particular group in a given real form, and we will consider its Tits-Satake diagram, which gives the reality properties of the roots and the weights of the corresponding algebra. From the representations of the (p + 1)-form fields, we will then select those associated to 1/2-BPS branes by identifying the real longest weights. We will consider first the particular set of theories that gives rise to symmetric manifolds upon reduction to three dimensions. Such theories do not contain hypermultiplets in dimension higher than three. The four-and five-dimensional black hole analysis for these theories was initiated in [2] and culminated in the general classification of [25] . Again, the single-brane states we identify correspond to the rank-1 orbits of this last paper. The main outcome of our analysis is that the brane classification that we obtain is universal for all the theories that can be uplifted to six dimensions. We then consider the inclusion of the hypermultiplets, and we manage to classify also the branes in the hyper-sector using a suitable truncation of the theory with sixteen supercharges.
The classification of branes in the maximal theories in terms of the T-duality SO(d, d) symmetry revealed that the ten-dimensional branes satisfy specific wrapping rules upon dimensional reduction [26, 23] . These wrapping rules were shown to apply also to the branes of the heterotic theory compactified on tori, as well as to the IIA theory compactified on K3 [24, 27] . Considering the six-dimensional models with eight supercharges as resulting from the heterotic theory compactified on K3, we will show that our classification in any dimension is consistent with the wrapping rules.
Finally, we will discuss the relation between the branes we obtain and the central charges of the corresponding supersymmetry algebra. In the maximal theories there is a one-to-one correspondence between branes and central charges for the branes with at least three transverse directions. This leads to the fact that there is no degeneracy for the BPS conditions, i.e. each brane has its own BPS condition. Instead, the BPS conditions are degenerate for the branes with two or fewer transverse directions. In particular, for the defect branes the degeneracy of the BPS conditions is always two [28] . In general, bound states of degenerate branes give configurations that preserve the same amount of supersymmetry as the constituent branes. This is actually a general feature of the branes of the theories with sixteen supercharges, for which one finds degeneracies that are always twice the degeneracies of the maximal theories. In this paper we will find that for the branes of the theories with eight supercharges the degeneracies of the BPS conditions are twice those of the half-maximal theories, and hence four times those of the maximal ones.
The paper is organized as follows. In section 2 we give a basic review of the classification of real forms of simple Lie algebras in terms of Tits-Satake diagrams. In section 3 we apply these techniques to show that the light-cone rules that classify the branes of the heterotic string on a torus correspond to identifying the real longest weights of the associated representations. We will then apply the real-longest-weight rule to classify the branes of theories with eight supercharges in section 4. In section 5 we use these results to discuss the wrapping rules for the heterotic string on K3. Finally, in section 6 we compare the classification of the branes in theories with eight supercharges with the central charges present in the corresponding supersymmetry algebras and use this to derive the degeneracy of the BPS conditions. Our conclusions are given in section 7.
Real forms and Tits-Satake diagrams
The aim of this section is to give a pedagogical introduction to the classification of real forms of simple Lie algebras in terms of Tits-Satake diagrams. We do not want by any means to give an exhaustive account of the subject. The idea is just to give the information that the reader will need to understand the rest of the paper. For a more detailed and rigorous analysis we refer to e.g. [29] .
Given a complex Lie algebra g C , a real form g exists if it admits a basis such that all the structure constants are real. When this happens, the complex algebra can be written in terms of its real form as
As a prototype example we consider the real forms of the complex algebra sl(2, C). Taking as generators the real 2 × 2 matrices
where the σ i 's are the Pauli matrices, one obtains the commutation relations 3) and considering this algebra on the real numbers one generates the real form sl(2, R). Similarly, taking the anti-hermitian generators τ i = iσ i one gets
which corresponds to the real form su (2) . Although in the case of su(2) the generators are not real, in both cases the structure constants are real and thus each of the algebras defines a different real form. Up to automorphisms, these are all the possible real forms of the complex algebra sl(2, C). We now want to generalise this classification to any complex Lie algebra and determine all its possible different real forms. A crucial ingredient in the classification of the various real forms of a given complex algebra is the Killing form, which is defined as B(X, Y ) = Tr(adXadY ) (2.5) for any elements X, Y of the complex algebra. The eigenvectors of the Killing form with positive eigenvalue are the non-compact generators, while those with negative eigenvalue are the compact generators. In particular, a real Lie algebra is compact when its Killing metric is negative definite. For the two real forms of sl(2, C) defined above, one gets
The fact that the latter is negative definite implies that su(2) is the compact real form as we know. When dealing with a generic Lie algebra, it is convenient to introduce the Chevalley basis, which is defined by the commutation relations
Here H α are the Cartan generators, E α and E −α are the positive root and negative root generators respectively, A αβ are the entries of the Cartan matrix and N α,β are real structure constants. Given that the structure constants are all real, this algebra on the real numbers defines a particular real form. Computing the Killing form one obtains 8) where α, β denotes the scalar product between two roots. This implies that all the Cartan generators are non-compact because the eigenvalues of B(H α , H β ) are all positive, while the eigenvectors of B(E α , E β ) are E α + E −α with positive eigenvalues and E α − E −α with negative eigenvalues. To summarise, the non-compact and compact generators are non − compact :
This real form is known as the split form or maximally non-compact real form, and we denote it with s. It is clear that the algebra generated by compact :
is also a real form. This is the compact form c as it can be deduced from eq. (2.8).
In the particular case of sl(2, C) one can represent the Chevalley generators as
It is straightforward to show that ρ 1 = E + + E − , ρ 2 = E + − E − and ρ 3 = H lead to the real form sl(2, R) with non-compact generators ρ 1 and ρ 3 and compact generator ρ 2 , exactly as in the first Killing form in eq. (2.6). Similarly, in the compact case one gets τ 1 = i(E + + E − ), τ 2 = E + − E − and τ 3 = iH, which are indeed all compact and lead to the second Killing form in eq. (2.6). Although in the case of sl(2, C) these are all the possible real forms up to automorphisms, for larger Lie algebras there are additional real forms. Given a real form g, one defines the Cartan involution θ as an involution such that
is negative definite. Clearly, in the case of the compact form c the Cartan involution is the identity, while in the case of the split form s the Cartan involution is such that θH α = −H α and θE α = −E −α . In general, classifying the real forms of a given complex Lie algebra corresponds to classifying all the possible Cartan involutions. One can always define a basis of generators that are eigenvectors of the Cartan involution θ. Those with +1 eigenvalue are compact while those with −1 eigenvalue are non-compact. We call t the set of generators with eigenvalue +1 and p the set of those with eigenvalue −1, such that
In particular, in the adjoint representation one has 14) so that for a compact generator, that is X ∈ t, one has that adX is anti-hermitian and thus has imaginary eigenvalues, while for a non-compact generator, that is X ∈ p, one has that adX is hermitian and thus has real eigenvalues. In particular, the non-zero eigenvalues of the Cartan matrices in the adjoint adH are the roots α(H), implying that one can classify the roots in the following way:
• a root is a real root if it takes real values, that is if it vanishes for H ∈ t;
• a root is an imaginary root if it takes imaginary values, that is if it vanishes for H ∈ p;
• a root is a complex root if it takes complex values and hence if it does not vanish on either t or p.
The θ involution on the Cartan generators induces a dual involution on the roots as 15) from which it follows that for a real root one has θα = −α and for an imaginary root one has θα = α. From eq. (2.15) and the relation θH α = H θα , it also follows that
for any pair of roots.
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The fact that the Cartan involution on the generators induces a dual Cartan involution on the roots allows one to represent such an involution on the Dynkin diagram of the Lie algebra. This can be achieved in two different ways, leading to the so-called Vogan diagrams and Tits-Satake diagrams. In this paper we will only be interested in the latter because, as we will see in the next section, there is a natural connection between real roots as classified in terms of Tits-Satake diagrams and brane states in supergravity theories. The difference between the two constructions stems from the different choices that one can make for the Cartan subalgebra. In the case of the Vogan diagrams one chooses the Cartan subalgebra to be maximally compact, which leads to the absence of real roots. In the case of Tits-Satake diagrams, instead, one makes the opposite choice, that is one chooses the Cartan subalgebra to be maximally non-compact.
A Tits-Satake diagram is a "decorated" Dynkin diagram from which one can deduce the whole structure of the real form, and in particular the compact and non-compact generators. In order to do this, an additional ingredient is required. We have already mentioned that in order to construct a Tits-Satake diagram we have to put as many Cartan generators as possible in the non-compact part p. When this happens, that is when one chooses a Cartan subalgebra that is maximally non-compact, there are no non-compact generators associated to the imaginary roots. This means that if θα = α, then this implies that θE α = E α .
We now describe how to read all the relevant information from a Tits-Satake diagram. We divide all the simple roots in those that are fixed under θ, that we denote with β n , and the rest, that we denote with α i . The action of θ on the simple roots α i is 17) where π(k) is an involutive (π 2 = 1) permutation of the indices. The coefficients a in are determined by imposing 18) which follows from eq. (2.16) and the fact that the simple roots β n are invariant under θ. The Tits-Satake diagram is then drawn from the corresponding Dynkin diagram with the following additional rules:
complex 2-cycle (mod β roots)
1. to each root β (imaginary simple root) one associates a black painted node 2. to each simple root α i such that π(i) = i one associates an unpainted node 3. for each two complex simple roots α i and α j such that π(i) = j one draws an arrow joining the two corresponding unpainted nodes.
The behaviour of all the other roots under θ clearly follows from the behaviour of the simple roots. This means that from the Tits-Satake diagram one knows how the Cartan involution acts on all the roots. In the case in which π(i) = i and the node associated to the simple root α i is not connected to any painted node in the Tits-Satake diagram, then clearly from eq. (2.18) it follows that a in = 0 and thus θα i = −α i , which means that the root is real. In order to better understand how the construction works explicitly, and how one can easily translate the action of the Cartan involution on the roots that one reads from the Tits-Satake diagram to the Cartan involution on the generators, we consider the example of the real forms of sl(3, C). The Chevalley generators of sl(3, C) in the 3 × 3 matrix representation are the Cartan generators
and the positive root generators
while the negative root generators can be chosen as E −α = (E α ) † . The Tits-Satake diagram of the split form sl(3, R) is just the A 2 Dynkin diagram in From this diagram it follows that 21) implying that θH α i = −H α i and θE α i = −E −α i . This naturally leads to the compact and non-compact generators of the split form as in eq. (2.9). Similarly, the Tits-Satake diagram for the compact su(3) case is given in Fig. 2 . This leads to the following action of the Cartan involution on the simple roots:
In terms of the generators, this means that θH β i = H β i and θE β i = E β i . The last relation is due to the fact that if a root is imaginary the corresponding root generator must be compact. All the generators are thus fixed under θ, which means that they are all antihermitian, i.e. compact, and therefore the right basis of θ-fixed generators is as in eq. (2.10).
The most interesting case is the third real form su(2, 1), whose Tits-Satake diagram is given in Fig. 3: 1 2 From this diagram one reads that 23) which in terms of the Chevalley generators means
From the relation [E α 1 , E α 2 ] = E α 1 +α 2 one also derives 25) which has opposite sign with respect to the split case because in this case the Cartan involution exchanges the simple roots. From these rules and the fact that the generators in t are anti-hermitian and those in p are hermitian one can derive the whole set of compact and non-compact generators. The complete list of compact and non-compact generators that one gets from the Tits-Satake diagrams of sl(3, C) is given in Table 1 for all the real forms.
In the next section we will show how the classification of single 1/2-BPS branes in the heterotic string compactified on a torus can be naturally rephrased in terms of reality properties of the roots and the weights of the different real forms of so(p) as derived from the corresponding Tits-Satake diagrams. In section 4 we will generalise this to any real form. In particular, we will show how this naturally leads to a classification of single 1/2-BPS branes in theories with 8 supercharges in which the scalars parametrise coset manifolds.
Branes of the heterotic string on a torus
The heterotic theory compactified on a torus T d , with generic Wilson lines so that the gauge group is U (1) 2d+16 , has a low-energy action possessing 16 supersymmetries and describing real form generators The 'light-cone' rules listed above are a natural extension of the light-cone rules obtained in [22, 23, 19] in the context of the classification of branes of the maximally supersymmetric theories in any dimension 10 − d with respect to the T-duality group SO(d, d).
The difference with the half-maximal case is that clearly for SO(d, d) all the 2d vector indices can be written as lightlike indices i ± (i = 1, ..., d). In group-theoretical terms, the difference between the maximal and half-maximal case is that the T-duality symmetry of the maximal theory is maximally non-compact, while in the half-maximal case it is in a different real form of the orthogonal group. The general analysis of [21] , which applies to both U-duality and T-duality representations of the maximal theories, gives a simple group-theoretic explanation for the light-cone rule: all the branes correspond to the longest weights of the representation, and in the T-duality case these longest weights correspond to the components selected by the light-cone rule. This simple result is based on the fact that the symmetry groups of the maximal theories are always maximally non-compact. In the half-maximal case, the T-duality group is not maximally non-compact and the correspondence between branes and weights has to be refined. This is the aim of this section.
2 More precisely, our strategy consists in identifying the Chevalley generators for the orthogonal groups, so that, by looking at the Cartan involution on the simple roots as derived from the Tits-Satake diagram, we can show that the real roots, that is those such that θα = −α, precisely correspond to the generators whose components satisfy the light-cone rules. We will then show how this can be generalised to any representation.
We first apply the results of [21] to the T-duality group SO(n, n) of the maximally supersymmetric theory in 10 − n dimensions. We denote the nodes of the Tits-Satake diagram of SO(n, n) as in with invariant metric
the Chevalley generators acting on the vector representation can be chosen to be
Here we denote with e I J the 2n × 2n matrix that has entry 1 on the Ith row and Jth column and 0 otherwise. From eq. (3.2) we see that lowering the column index of the generators by means of the metric of eq. (3.1), the root generators precisely correspond to the charges T i± j± , i = j in the antisymmetric tensor representation, as resulting from the light-cone rules. In the case of the split real form SO(n, n) the Cartan involution acts on all the roots as θα = −α, so that all the roots are real. In particular, the simple roots are associated to the charges
Similarly, all the weights of any representation are real, and in particular for any representation associated to brane states in the maximal supergravity theories we can identify the 1/2-BPS branes as resulting from the light-cone rule to the longest weights of the representation. This is exactly the application of the results of [21] to the representations of the T-duality group. For instance, for the 2d 3
-dimensional representation with three antisymmetric indices, the half-supersymmmetric charges are T i± j± k± , which makes a total of
3 components, associated to all the longest weights of the representation. One can perform the same analysis for the maximally non-compact group SO(n, n + 1), whose Tits-Satake diagram is given in Fig. 5 . In this case, we split the 2n + 1 coordinates 1 2 n n-1 n-2 in 2n lightlike coordinates and one space coordinate. Denoting with 1 the single space index and again with i±, i = 1, ..., n the lightlike directions, the correspondence between roots and charges is
where the last root α n is the short simple root. In this case the symmetric invariant metric is as before with the addition of η 1 1 = 1 that lowers the index in the spacelike direction. For any n, this algebra contains n short positive roots, which are associated to the charges T i+ 1 , and n short negative roots, associated to the charges T i− 1 . All the other roots are long and are associated to the 1/2-supersymmetric charges T i± j± , i = j, as selected by the light-cone rule. As in the SO(d, d) case, this real form is maximally non-compact and thus all roots are real, and the light-cone rule selects the real longest roots. Similarly, for other representations the light-cone rule selects the real longest weights exactly as before. We now want to consider different real forms of the orthogonal group. What we want to show is that for any real form, the 1/2-supersymmetric branes that one obtains from the light-cone rules are exactly the real longest roots and real longest weights that result from the Cartan involution acting on the simple roots as dictated by the corresponding Tits-Satake diagram. A crucial ingredient in the construction is the identification of the restricted-root subalgebra as the maximally non-compact algebra which has as simple roots the so-called 'restricted' simple roots,
Clearly, the restricted simple root coincides with the simple root if the latter is real.
n n-1 n-2 1 2 3
The so(n − 1, n + 1) Tits-Satake diagram.
The real form SO(n − 1, n + 1) of D n corresponds to the Tits-Satake diagram in Fig. 6 , from which we read the Cartan involution
The restricted roots are
which are the simple roots of B n−1 , which means that the restricted-root subalgebra of so(n − 1, n + 1) is so(n − 1, n). In particular, the last root in (3.7) is the short root of B n−1 and it has multiplicity two because α n−1 and α n are exchanged under θ. If we now identify the last restricted root with the light-cone charges using eq. (3.3), we get
We recognise this as the charge T (n−1)+ 1 which is the generator associated to the short simple root of SO(n−1, n) (see eq. (3.4) identifying the roots with the charges for SO(n, n+ 1)). This shows that the light-cone rules reproduce exactly the group theory analysis in this case. The roots associated to the 1/2-supersymmetric branes, which are the real roots, can also be seen as the longest roots of the restricted-root subalgebra so(n − 1, n).
The same applies to all the other representations: the weights that correspond to 1/2-supersymmetric branes are real longest weights. These can be obtained from the restricted roots as follows. One takes the highest weight of the representation written as a linear combination of simple roots and projects it onto the restricted roots using eq. 
From this we derive the restricted roots, which are
These are the simple roots of B p , and thus the restricted-root subalgebra is so(p, p + 1). The last restricted root is the short root, and the corresponding charge can by identified using eq. (3.3). The result is
Indeed, the combination of simple roots that occurs in the second of eqs. (3.10) is half the sum of two roots. One is the simple root α p , corresponding to the charge T p+ (p+1)− which is the first charge on the right-hand side of eq. (3.11), while the other is the sum α p + 2β p+1 + ... + 2β n−2 + β n−1 + β n , which is a simple root of D n and in the split form it is associated to the charge T p+ (p+1)+ . We recognise in eq. (3.11) the charge T p+ 1 which is not a 1/2-supersymmetric charge because of the light-cone rule. The roots that are associated to the supersymmetric branes as given by the light-cone rule are the real ones, that are the longest roots of the maximally non-compact algebra. The analysis for the other representations works exactly as in the previous case. Moreover, the same result is obtained if one considers any real form of the algebra B n , whose Tits-Satake diagram is given in Fig. 8 . In the next section we will apply these results to the theories that possess eight supercharges and whose scalars parametrise a symmetric manifold. These theories, that exist in dimension six and lower, have global symmetries that are groups in various real forms. We will conjecture that the 1/2-supersymmetric branes of these theories can be obtained by requiring that the charges are associated to the real longest weights of the representation, as deduced from the Tits-Satake diagram of the real form.
Branes in theories with eight supercharges
In the previous sections we have seen how the half-supersymmetric branes of maximal and half-maximal theories are associated to the components of the representation of the internal symmetry corresponding to the real longest weights, with the reality properties of the roots as resulting from the Tits-Satake diagram of the symmetry group. This can be naturally extended to classify branes in theories with lower supersymmetry that have scalars that describe coset manifolds. In this section we will perform this classification for theories with eight supercharges, obtaining the single 1/2-BPS branes of these theories. These branes preserve four supercharges on their worldvolume which implies that the worldvolume can be at most four-dimensional.
Theories with eight supercharges exist in six dimensions and below. The bosonic fields of the supersymmetric multiplets in six dimensions are the metric and a selfdual 2-form in the gravity multiplet, an anti-selfdual 2-form and a scalar in the tensor multiplet, a gauge vector in the vector multiplet and, finally, four scalars in the hypermultiplet. The latter multiplet has the same field content in any dimension below six. In five dimensions the gravity multiplet contains the metric and a vector and the vector multiplet describes a vector and a scalar. In four dimensions the gravity multiplet describes the metric and a vector as in five dimensions, while the vector multiplet contains a vector and two scalars. Finally, in three dimensions only scalars propagate. Therefore, as far as propagating degrees of freedom are concerned, one only has hypermultiplets.
In the first subsection we will consider the branes of the six-dimensional theory. In subsection 4.2 we will extend the analysis to any dimension for those theories that give rise to symmetric theories upon reduction to three dimensions. Such theories do not contain hypermultiplets in dimensions higher than three. Finally, in subsection 4.3 we will show how the branes in the hypermultiplet sector can be included by considering the theories with eight supercharges as resulting from truncations of the theories with sixteen supercharges.
Branes in 6D minimal matter-coupled supergravity
We first consider the six-dimensional case. If gravity couples to n T tensor multiplets, the scalars in the tensor multiplets parametrise the symmetric manifold SO(1, n T )/SO(n T ), while the 1 + n T 2-forms of the gravity multiplet and of the tensor multiplets transform in the vector representation of SO(1, n T ) [30] . Given that the symmetry is orthogonal, we can apply the light-cone rules to declare that there are two 1/2-supersymmetric 1-branes with charges along the two lightlike directions in SO(1, n T ). Moreover, the fact that there are no scalars associated to the vectors, which is the same as saying that the group rotating n V abelian vectors is the compact form SO(n V ), implies that there are no 1/2-supersymmetric 0-branes. Given that the highest worldvolume dimension for a 1/2-BPS state is four, in the six-dimensional case we can have at most defect branes. There cannot be any defect branes charged under the duals of the scalars in the tensor multiplets. The reason for this is that such fields are 4-forms A 4,A 1 A 2 belonging to the adjoint of SO(1, n T ), and thus the corresponding charge cannot lead to a 1/2-BPS 3-brane according to the light-cone rule. Using the language of the previous section, this means that the highest weight of the representation is not real. So the only 1/2-BPS defect branes can be those that are charged under the duals of the scalars in the hypermultiplets.
In any dimension, the four scalars in the hypermultiplets parametrise a quaternionic manifold. For our method to be applied, we consider the special case in which the quaternionic manifold is a symmetric manifold G/H. This leads to the following manifolds:
where n H is the number of hypermultiplets. Given that the charge of a defect brane is always in the adjoint of G, the number of 1/2-supersymmetric defect branes in the hypersector in any dimension (and in particular the number of 3-branes in six dimensions) is given by the number of real longest roots of G. Clearly, while for the first manifold in eq. (4.1) this counting amounts to applying the light-cone rules for a charge with two antisymmetric indices of SO(4, n H ), in general we must count the real longest roots using the Cartan involution as obtained from the corresponding Tits-Satake diagram. The TitsSatake diagrams and the associated Cartan involutions of the real forms listed in eq. (4.1) are given in Table 2 .
We can analyse each case in more detail. As already mentioned, for the symmetry SO(4, n H ) we can use the analysis of the previous section. The restricted simple roots Table 2 : The Tits-Satake diagrams of the groups corresponding to the quaternionic symmetric spaces given in eq. (4.1). The last column gives the Cartan involution.
generate the maximally non-compact algebra SO(4, 5) for n H > 4, while for n H = 4 the algebra SO(4, 4) is already maximally non-compact, and for n H < 4 the restricted-root algebra is SO(n H + 1, n H ). If n H > 1, the highest weight of the adjoint representation is always real, and the number of real longest roots is 2n H (n H − 1) for n H < 4 and 24 otherwise.
In the F 4(4) case, all the roots are real because the group is maximally non-compact. The number of longest roots is 24. The E 6(2) , E 7(−5) and E 8(−24) cases all give the same result as the F 4(4) case because the restricted-root algebra is in all cases F 4(4) , and the highest weight of the adjoint representation is in all cases real and coincides with the highest weight of the adjoint of F 4(4) . This can be verified using the Cartan involutions in Table 2 . As an example, we consider explicitly the E 6(2) case. From the Cartan involution given in the third row, last column of Table 2 we get
We recognise in (α 6 ) R and in (α 3 ) R the first and the second long simple roots of F 4(4) , while (α 2 ) R and (α 1 ) R are the third and fourth short simple roots of F 4(4) . Denoting with α i (i = 1, ..., 4) the nodes of F 4(4) , as labeled in Table 2 , we summarise this as
The highest weight of the adjoint of E 6(2) is 4) and acting with the Cartan involution one finds (Λ E 6 ) R = Λ E 6 . Moreover, using eq. (4.3) one obtains 5) which is the highest weight of the adjoint of F 4(4) . This implies that the number of real longest roots of E 6(2) is equal to the number of longest roots of F 4(4) , which is 24. Exactly the same result holds for E 7(−5) and E 8(−24) . In the first (second) case the first two long simple roots of the restricted root algebra F 4(4) are associated to nodes 6 and 5 (nodes 1 and 2) of the corresponding Tits-Satake diagrams given in Table 2 . The highest weights of the adjoint representation of these two real forms are
respectively. Using the Cartan involutions given in Table 2 one can verify that in both cases these highest weights satisfy Λ = Λ R and that their expressions are given by the G restricted-root algebra # of real longest roots Table 3 : The number of real longest roots for the groups associated to the symmetric quaternionic spaces given in eq. (4.1). These numbers correspond to the number of 1/2-supersymmetric BPS defect branes in the hyper-sector.
same eq. (4.5) when expressed in terms of the simple roots of F 4(4) . This means that for all the E groups in eq. (4.1) the number of 3-branes in the hypermultiplet sector of the six-dimensional theory is 24 precisely as for the F 4(4) case. One can perform the same analysis for the last three groups in eq. (4.1). In particular, G 2(2) is maximally non-compact, and thus the number of defect branes is given in this case by the number of longest roots, which is 6. We show in Table 3 the outcome of the analysis for all the groups in eq. (4.1). In the second column of the table we have listed the restricted-root algebras and in the last column the number of real longest roots, giving the number of 3-branes in the six-dimensional theory. Taking n H ≥ 4 in the first row, we see that the result is universal in the first five cases. These cases have the common feature that the algebra has four non-compact Cartan generators, while in the last three cases their number is equal to 2, 2 and 1 respectively. The outcome of this analysis is that all the branes of the six-dimensional theory can be determined using our methods for the special case that the hypermultiplet scalars parametrise a symmetric manifold.
This completes our discussion of the six-dimensional case. In the remaining part of this section we will consider the theories in lower dimensions. In the next subsection we will first consider a special class of theories, namely those that give rise to the symmetric quaternionic manifolds of eq. (4.1) upon reduction to three dimensions. The full list of coset manifolds and number of multiplets resulting from the uplift of the three-dimensional symmetric theories is given in Table 4 [31] . We can see from the table that these theories do not contain hypermultiplets in any dimension higher than three. Moreover, only the three-dimensional theories with symmetry group containing four non-compact Cartan generators can be uplifted all the way to six dimensions. What is special about these theories is that the full spectrum, including the (D − 1)-and D-forms, can be obtained by considering the very-extended Kac-Moody algebra G +++ , where G is the symmetry of the three-dimensional theory. In subsection 4.2 we will use the results coming from the Kac-Moody analysis to obtain the representations of all the fields in any dimension. We will next obtain the number of branes by considering the Cartan involution on the highest weights of these representations. The remarkable outcome of this analysis will be that there is a universal structure of branes for all the theories that can be uplifted to six dimensions.
In subsection 4.3 we will discuss the general case, in which also hypermultiplets in dimensions higher than three are present. This case is more complicated to analyse. Indeed, the dimensional reduction to three dimensions now leads to two different hypermultiplet sectors. In the special case of symmetric manifolds the global symmetry is then given by the product of two groups G 1 × G 2 occurring in eq. (4.1). A possible way to proceed using generalised Kac-Moody constructions was conjectured in [32] . Here we will make a different proposal. We will show that, for the particular case that the three-dimensional symmetry is SO(4, n) × SO(4, m), the brane structure in any dimension can be obtained by requiring that the theory is a truncation of the theory with sixteen supercharges whose three-dimensional symmetry is SO(8, n + m). We will argue that this result is universal for all the theories that admit an uplift to six dimensions.
Symmetric theories in three dimensions and their oxidation
In this subsection we want to determine the branes for all the chains of theories in Table 4 . In [33] it was shown that for these theories one can use the Kac-Moody analysis to obtain all the fields of the theory. This includes the (D − 1)-and D-forms, that are not associated to propagating degrees of freedom. One considers the very-extended Kac-Moody algebra G +++ , whose Dynkin diagram is obtained starting from the affine extension of the threedimensional symmetry group G and attaching two more simply-laced nodes to the affine node. The spectrum of the three-dimensional theory is then obtained by decomposing the adjoint representation of G +++ in terms of GL(3, R) × G. In particular, the antisymmetric representations of GL(3, R) are associated to the form fields in the theory, and this method thus gives their representations under G. Similarly, decomposing the same algebra in terms of representations of GL(4, R) gives the spectrum of the four-dimensional theory, whose internal symmetry is given by the nodes of G +++ which are not connected to the simple SL(4, R) part of GL(4, R). The same applies to higher dimensions.
The Kac-Moody method gives a simple way of understanding the chains of symmetry groups in Table 4 and why these theories can only be uplifted at most to six dimensions [33] (see also [34] ). In the case of SO(4, n), the affine node is attached to node 2 of the Tits-Satake diagram in the first row of Table 2 . Deleting node 2 one obtains the symmetry SO(2, n−2)×SU(1, 1) of the four-dimensional theory, where the Cartan generator associated to the deleted node is the R + factor of GL(4, R). Deleting nodes 1 and 3 (with node 2 being part of the SL(5, R) in the Kac-Moody algebra) gives the symmetry SO(1, n−3) ×R + of the five-dimensional theory. The extra internal R + symmetry is due to the fact that two non-compact nodes are deleted. There are two possible six-dimensional
USp (6) SO(1, 5) SO(5) Table 4 : The coset manifolds resulting from the uplift of the three-dimensional symmetric manifolds listed in the first column. The table gives in each case the resulting number of multiplets. The first chain of theories (first row) can be uplifted in two different ways to six dimensions, giving in one case a theory with one tensor multiplet, and in the other case a theory with only tensor multiplets and no vector multiplets.
theories. The first one is obtained by deleting nodes 1 and 4 (with nodes 2 and 3 being part of the SL(6, R) in the Kac-Moody algebra) giving a symmetry SO(1, 1) ≃ R + , associated to the dilaton, times the compact symmetry SO(n − 4) which is associated to the vector multiplets and does not correspond to a scalar manifold. The second one is obtained by deleting node 3 (with nodes 1 and 2 being part of the SL(6, R) in the Kac-Moody algebra) which results in the symmetry SO (1, n − 3) . This reproduces all the symmetries in the first row of Table 4 . Note that a further uplift to seven dimensions would correspond to deleting node 5, but this is impossible because node 5 is a compact node of the Tits-Satake diagram, and thus cannot be the scaling symmetry of a seven-dimensional theory.
This construction can be repeated for all the groups in Table 2 . The uplift of the F 4(4) theory, where the affine node is attached to node 1 of the Tits-Satake diagram in the second row of Table 2 , corresponds to deleting nodes 1 (four dimensions), 2 (five dimensions) and 3 (six dimensions). This precisely gives rise to the chain of groups in the second row of Table 4 . The E 6(2) theory, where the affine node is attached to node 6 of the Tits-Satake diagram, is uplifted by deleting node 6 (four dimensions), 3 (five dimensions) and nodes 2 and 4 (six dimensions) 3 . The resulting real forms are given in the third row of Table  4 . Similarly, the E 7(−5) theory, where the affine node is attached to node 6, is uplifted by deleting nodes 6, 5 and 4, and the E 8(−24) theory, where the affine node is attached to node 1, is uplifted by deleting nodes 1, 2 and 3. The last three cases cannot be uplifted to six dimensions. The G 2(2) theory is uplifted to four dimension by deleting node 1 and to pure five dimensional supergravity by deleting node 2. The SU(n, 2) theory can only be uplifted to four dimensions by deleting nodes 1 and n + 1. Finally, the USp(2n, 2) theory cannot be uplifted at all.
The fact that in the uplifting process one always deletes either an unpainted node or a pair of unpainted nodes that are connected by an arrow implies that one can read the Cartan involution acting on the roots of the diagram of the symmetry group of the uplifted theory by simply looking at the Cartan involution in Table 2 and ignoring the roots that have been deleted. This has the consequence that the restricted root algebras of the symmetry groups resulting from uplifting the E 6(2) , E 7(−5) and E 8(−24) theories are the same in any dimension and are equal to the algebras that result from uplifting the F 4(4) theory. As we will see, this will imply that the whole structure of 1/2-BPS branes of these theories coincides.
Given the fields of the theory as obtained using the Kac-Moody method, we want to select those components that are associated to 1/2-supersymmetric branes. In the case of the maximal theory, this was achieved in [20] , where it was shown that the branes correspond to the roots of positive squared length of the Kac-Moody algebra E +++ 8 (8) . This gives exactly the same classification of [22, 23, 18, 19] , based on supergravity methods. Indeed, it was shown in [21] that what one is actually counting in both cases are the longest weights of each representation of the fields. The theories with sixteen supercharges also admit a Kac-Moody description [35] , which was used in [36] Table 5 : The branes of the theories resulting from the uplift of the SO(4, n) theory (with n ≥ 4). In six dimensions the A index is either an SO(1, 1) index or an SO(1, n − 3) index, according to the two possible oxidations.
spectrum of the theory. The real form of the algebra is in this case not maximally noncompact, and thus the weights of the representations of the fields are not necessarily real. In order to obtain the (single) 1/2-supersymmetric branes, one selects the representations whose highest weights correspond to roots of maximum positive squared length of the KacMoody algebra, and then counts the real longest weights of those representations. This is exactly what we did in the previous section, which reproduces the supergravity analysis of [24] . In this subsection we want to perform the same analysis for the Kac-Moody algebras associated to the theories with eight supercharges. We will first list all the representations of the fields whose highest weights correspond to roots of maximum positive squared length of the Kac-Moody algebra 4 . We will then count the number of real longest weights in those representations. This number is the number of single 1/2-supersymmetric branes. We will find that for all theories only 0-branes and 1-branes occur. As we have seen in the previous subsection, in six dimensions there are no 0-branes, and the 1-branes are selfdual. In five dimensions the 0-branes are dual to the 1-branes. In four dimensions the 0-branes are selfdual while the 1-branes are defect branes. Finally, in three dimensions the 0-branes are defect branes and the 1-branes are domain walls. Only the latter branes are not associated to propagating degrees of freedom. This implies that, actually, the Kac-Moody method is only essential to count the three-dimensional domain walls.
We start by considering the SO(4, n) +++ case, giving the branes for the chain of theories listed in the first row of Table 4 . In this case we do not actually need the Tits-Satake machinery that we have developed in this paper, since we can actually use the light-cone rules 5 . In three dimensions, the global symmetry is SO(4, n) and the fields associated to the roots of maximum positive squared length of the Kac-Moody algebra are
where our notation means that the fields belong to the irreducible representation with Young tableaux made of different columns, each of length n equal to the number of repeated indices A 1 A 2 ...A n . Using the light-cone rule, we find that the 1-forms lead to × 2 4 = 16 1-branes. The 3-forms do not give any brane. In four dimensions, the global symmetry is SO(2, n − 2) × SL(2, R), and the relevant fields are
where a labels the doublet of SL(2, R) and the pair ab is symmetrised. Applying the lightcone rule, together with the longest weight rule for the split form SL(2, R), one finds that the 1-forms give 4 × 2 = 8 0-branes, while the 2-forms A 2,ab give 2 1-branes and the 2-forms
× 2 2 = 4 1-branes. All the other fields give no branes. In five dimensions the global symmetry is SO(1, n − 3) × R + . Like in the cases of maximal and half-maximal supergravity [37, 24] , it is convenient, for D > 4, to classify the potentials according to a number α that specifies how the tension of the brane that couples to the potential scales with respect to the the R + dilaton 6 . This scaling α follows from the R + weight and the rank of the potential. According to the Kac-Moody analysis we have the following fields:
The 1-form A 1 gives one 0-brane, while the 1-form A 1,A gives 2 0-branes. Similarly, one obtains 1 + 2 1-branes. All the other fields give no branes. Finally, there are two possible six-dimensional theories. The first is the one with n − 4 vector multiplets and one tensor multiplet. We list the fields as representations of the compact global symmetry SO(n−4) 7 , obtaining
(4.10)
Only the fields with no internal indices can give branes. This means that there are only two 1-branes, one with α = 0 and one with α = −2. Like above, α is related to the 5 We will only consider the case in which n ≥ 4, leaving the n < 4 case to the reader. 6 As we will see in the next section, the R + dilaton is the heterotic string dilaton. 7 There is also a non-compact symmetry SO(1, 1). Table 6 : The branes of the theories resulting from the uplift of the F 4(4) theory. The symmetries in dimensions 4, 5 and 6 can be read from the second row of Table 4 . They correspond to deleting nodes 1, 2 and 3, respectively, of the F 4(4) Tits-Satake diagram in Table 2 . The number of branes corresponds to the number of longest weights in the representation.
SO(1, 1) ≃ R
+ weight and the rank of the potential. The second six-dimensional theory has n − 3 tensor multiplets and no vector multiplets. The global symmetry is SO(1, n − 3) and the relevant fields are
Using the light-cone rule, one finds again only two 1-branes. We have summarised the final result in Table 5 . We now move on to consider the other theories. The F 4(4) chain of theories in the second row of Table 4 is simple to analyse because the symmetry groups are all maximally non-compact. This implies that the weights of the representations are all real, and thus once one has identified the relevant representations, one only has to count the number of longest weights of these representations. The outcome of this analysis is summarised in Table 6 . Remarkably, the number of branes that one obtains in any dimension coincides with that of the previous chain of theories.
We next consider the E 6(2) , E 7(−5) and E 8(−24) cases. What one finds is that the global symmetry, in all cases and in any dimension, is such that the restricted root algebra is the F 4(4) chain of symmetries. Moreover the real highest weights, when written in terms of the restricted simple roots, are exactly the highest weights of the representations listed in Table 6 . This means that the number of 1/2-BPS branes in each dimension is the same for all these four theories. The final result is summarised in Tables 7, 8 and 9 .
The fact that the first five chains of theories in Table 4 all give the same results as far as the 1/2-supersymmetric branes are concerned can be understood as follows. First of all, one observes that the groups in the F 4(4) , E 6(2) , E 7(−5) and E 8(−24) chains all admit maximal subgroups that are of the form of those in the first chain, modulo simple compact factors. Let us consider the three-dimensional case first. We notice that the following set Table 7 : The branes resulting from the uplift of the E 6(2) theory. The symmetries in dimensions 4, 5 and 6 can be read from the third row of Table 4 . They correspond to deleting nodes 6, 3 and 2 and 4 of the E 6(2) Tits-Satake diagram in Table 2 , respectively. Only for the real longest weights we have listed in the fifth column the corresponding representations of the restricted root algebras, which coincide with the F 4(4) chain. The last column gives the number of branes. 26 
2-brane (4, 2) (1 0 0 1) Table 8 : The branes of the theories resulting from the uplift of the E 7(−5) theory. The symmetries in dimensions 4, 5 and 6 can be read from the fourth row of Table 4 . They correspond to deleting nodes 6, 5 and 4 of the E 7(−5) Tits-Satake diagram in Table 2 , respectively. Table 9 : The branes of the theories resulting from the uplift of the E 8(−24) theory. The symmetries in dimensions 4, 5 and 6 can be read from the fifth row of Table 4 . They correspond to deleting nodes 1, 2 and 3 of the E 8(−24) Tits-Satake diagram in Table 2 , respectively.
of maximal embeddings holds, 12) where the subgroups are all SO(4, n) apart from compact factors. We have already shown (see Table 6 ) that the 0-branes and the 1-branes of the The numbers in brackets are the U(1) weights. The real longest weights belong to the 45 in the first case and to the 54 and 210 in the second case. Like in the previous case, these representations correspond to two antisymmetric, two symmetric and four antisymmetric vector indices of SO (4, 6) . Similarly, decomposing the 133 and the 1539 of E 7(−5) , see Table 8, The real longest weights belong to the (66, 1) in the first case and to the (77, 1) and (495, 1) in the second case. Again, the 66, 77 and 495 are the representations with two antisymmetric, two symmetric and four antisymmetric vector indices of SO(4, 6), respectively. Finally, the 248 and the 3875 of E 8(−24) , see Table 9 , decompose under SO(4, 12) as
The real longest weights are in the 120, 135 and 1820, which correspond again to two antisymmetric, two symmetric and four antisymmetric vector indices of SO (4, 12) . To summarise, if one decomposes the relevant representations under the subgroups in eq. (4.12), one finds that the branes are exactly in the same representations as those of the SO(4, n) theory, and thus their number is always the same, i.e. 24 0-branes and 8+16 1-branes, because of the light-cone rules. The same analysis can be repeated in four and five dimensions. In four dimensions the relevant maximal embeddings are given by
The maximal subgroups are always of the form SO(2, n − 2) × SU(1, 1) up to compact factors. Similarly, in five dimensions one has the following maximal embeddings:
All maximal subgroups are given by SO(1, n − 3) × R + up to the same compact factors. One can show that decomposing the relevant representations of Tables 6-9 one finds that the real longest weights are always in the representations of Table 5 , which explains why the brane structure of all these theories is universal.
The last three cases in Table 4 are special because none of them can be uplifted to six dimensions. While the three-dimensional global symmetry groups of the cases analysed above have all four non-compact Cartan generators, G 2(2) and SU(n, 2) have two noncompact Cartan generators, and the theories can be uplifted at most to five and four dimensions respectively. The global symmetry group USp(2n, 2) has only one non-compact Cartan generator and the corresponding theory only exists in three dimensions. One can repeat the analysis for all these cases. In the case of the G 2(2) chain of theories, the only fields associated to roots of the Kac-Moody algebra with maximum positive squared length are a 1-form in the 14 (adjoint) of G 2(2) in the three-dimensional theory and a 1-form in the 4 of SU (1, 
Inclusion of hypermultiplets
While the six-dimensional classification of branes that we obtained in subsection 4.1 included the hypermultiplet sector, the analysis in any dimension of subsection 4.2 involved theories that are oxidations of symmetric three-dimensional theories, which do not include hypermultiplets in dimensions higher than three. This is due to the fact that the worldvolume of the branes we are considering can be at most four-dimensional. This implies that in six dimensions the 1/2-BPS branes have at least codimension two, but in five dimensions they can also have codimension one and there are no constraints on the codimension in dimensions four and three. Therefore, the knowledge of the propagating degrees of freedom of the theory allows us to determine the full brane spectrum in six dimensions only, while in lower dimensions one needs the knowledge of the (D − 1)-and D-forms in the supersymmetric multiplets, that do not carry on-shell degrees of freedom but are associated to domain walls and space-filling branes, respectively. The Kac-Moody analysis gives precisely this information for the theories considered in subsection 4.2. Actually, we have seen that these theories only have 0-branes and 1-branes, which means that this analysis is a posteriori only crucial for the domain walls in three dimensions. We now wish to determine the branes in the hyper-sector in dimensions less than six for the special class of theories with eight supercharges that result as truncations of the theories with sixteen supercharges. We consider here theories corresponding to the first chain of coset manifolds in Table 4 in the vector multiplet sector and with hyperscalars parametrising the first manifold in eq. (4.1). This means that we take the symmetry of the three-dimensional theory to be SO(4, n) × SO(4, m), corresponding to the product of two symmetric quaternionic manifolds. We consider the theory in higher dimensions with the first simple factor uplifted to vector multiplets and the second factor unchanged. We will show that the brane structure in any dimensions can be obtained by requiring that this theory is a truncation of the theory with sixteen supercharges whose three-dimensional symmetry is SO(8, n + m). Given the universality in the brane counting found in the previous subsection, we expect the results of this subsection to apply also to the cases in which the vector multiplets and the hypermultiplets are of the F 4(4) , E 6(2) , E 7(−5) and E 8(−24) type.
We start our discussion with the three-dimensional case. We consider a theory whose scalars parametrise the product of two quaternionic spaces,
with m, n ≥ 4. Following the results of the previous subsection we can say in all generality that together with the fields in eq. (4.7) with vector indices in the first orthogonal group, there will be an equivalent set of fields with indices in the second group. Denoting these indices with M, N, ..., this leads, on top of the branes of the previous subsection, to the same number of branes for the second hypermultiplet sector,
We still have to determine the fields with indices of both groups that give rise to 1/2-BPS branes. We determine such fields by requiring that this theory is a truncation of the half-maximal theory with symmetry SO(8, n + m). Denoting withÂ,B, ... the indices of SO(8, n + m), the fields that are associated to branes in the half-maximal theory are A 1,Â 1Â2 , A 2,ÂB , A 2,Â 1 ...Â 4 and A 3,ÂB 1 ...B 5 , in analogy with eq. (4.7). The truncation projects
The remaining fields all follow by requiring that the gauge algebra, i.e. the algebra of gauge transformations of all the potentials in the theory, is a consistent algebra. Associating to each field an operator with the dual index structure, this requirement stems from imposing the consistency of the algebra of these operators 8 . Denoting by R 1,Â 1Â2 the operator associated to the field A 1,Â 1Â2 , we obtain the commutator
This commutator implies that the first operator on the right-hand side is completely antisymmetric and the second is symmetric, exactly as the corresponding 2-form fields. As far as this commutator is concerned, the consistently truncated algebra is
This implies that, apart from the 2-form fields that we have already introduced, associated to the operators on the right-hand side of the first two equations, the third equation leads to the field A 2,A 1 A 2 M 1 M 2 with indices on both groups. Using the light-cone rule this gives 24 × 24 = 576 1-branes. Similarly, one can show using algebraic arguments that the only fields that are associated to branes and result from the truncation of the field
Using the light-cone rule, each of these two fields gives 4 3 × 2 3 × 3 × 24 = 2304 2-branes. We next consider the four-dimensional theory with symmetry SO(2, n − 2) × SU(1, 1) × SO(4, m), with the first two groups associated to the vector multiplets and the third to the hypermultiplets. We require that this theory results from the truncation of the halfmaximal theory with symmetry SO(6, n+m−2)×SU (1, 1) . The fields associated to branes with indices only in the vector-multiplet sector are contained in eq. We now discuss the five-dimensional case. The symmetry is SO(1, n−3)×R + ×SO(4, m), where the last factor is the symmetry of the quaternionic manifold of the hypermultiplets. We want to derive the branes of this theory considering it as a truncation of the halfmaximal theory with symmetry group SO(5, n + m − 3) × R + . The fields corresponding to branes in the half-maximal theory are given by Table 4 as far as vector and tensor multiplets are concerned) the SO(1, 1) dilaton scaling of this 4-form field is α = −2.
We have listed in Table 10 the results derived in this subsection. In the next section we will show that considering these models as low-energy effective actions of the heterotic string compactified on K3 × T p , the number of branes derived in this section, for specific string dilaton scalings, can be derived from the branes of the six-dimensional heterotic string (i.e. the heterotic string compactified on K3) by applying exactly the same wrapping rules that where derived previously for theories with more supersymmetry. 33 dim. type of brane field # of branes Table 10 : The branes that are added to those in Table 5 when hypermultiplets are included.
Reduction of the heterotic string on K3 and wrapping rules
In maximally supersymmetric theories, one can classify the branes according to how their tension T scales with respect to the string coupling g S in terms of the non-positive integer number α defined as T ∼ g α S . This analysis was obtained in each dimension in [22, 23, 19 ] studying the properties of the representations of the T-duality group SO(d, d) in 10 − d dimensions. What this analysis reveals is that for α = 0, −1, −2, −3 the number of branes in a given dimension can be obtained from the branes in ten dimensions using different wrapping rules, that are specific for each value of α [26, 23, 19] . In [24] it was then shown that the same applies to the heterotic theory compactified on a torus. In this case only even values of α are allowed, and the branes with α = 0, −2 are obtained from ten dimensions using the same wrapping rules that one obtains in the maximal case for these values of α.
In this section we want to perform the same analysis for theories with eight supercharges. In particular, we consider the six-dimensional theory as the low-energy action of the heterotic string compactified on K3, and the lower-dimensional theories as its torus dimensional reductions. We will determine the number of branes for each value of α in any dimension and we will show that for α = 0, −2 the result can be obtained using the wrapping rules of the maximal and half-maximal case starting from the branes of the six-dimensional theory. Finally, we will show how also the six-dimensional branes can be obtained using the same wrapping rules on K3 cycles starting from the branes of the ten-dimensional heterotic theory.
The heterotic dilaton in theories with eight supercharges sits in a tensor multiplet in six dimensions and in a vector multiplet in five and four dimensions. At the perturbative level, one can only obtain six-dimensional models with a single tensor multiplet, while nonperturbatively one can also consider models with more tensor multiplets 9 . In any case, decomposing SO(1, n T ) ⊃ SO(1, 1) × SO(n T − 1), where SO(1, n T ) is the global symmetry of the theory with n T tensor multiplets, gives the scaling of the various fields with respect to the string dilaton, that is the scalar parametrising SO (1, 1) . Moreover, the symmetry of the hypermultiplet sector is a T-duality symmetry because it does not affect the dilaton. We can then consider the reduction to five dimensions and in particular the first chain of theories in Table 4 . We already mentioned in the previous section that the string dilaton is the R + dilaton and that the SO(1, n − 3) symmetry is a T-duality symmetry (together again with the symmetry of the hyper-sector). In four dimensions, the string dilaton is the dilaton of the SU(1, 1)/U(1) coset manifold, and finally in three dimensions one has to decompose SO(4, n) ⊃ SO(1, 1)×SO(3, n−1), where again the dilaton is the SO(1, 1) scalar and SO(3, n − 1) is a T-duality symmetry. It follows from eqs. (4.12), (4.17) and (4.18) that the F 4(4) , E 6(2) , E 7(−5) and E 8(−24) chains of theories in Table 4 can be decomposed with respect to the groups in the SO(4, n) chain giving exactly the same brane structure. Therefore, the T-duality analysis of all these theories is the same as far as the branes are concerned.
We now count the branes in any dimension for the different values of α. In six dimensions, there are two 1-branes, one with α = 0, which is the fundamental string, and one with α = −2, which is its solitonic dual. The scalars in the hypermultiplet are in the perturbative sector, and thus the 24 3-branes which are magnetically charged under such scalars have α = −2. In five dimensions, the number of branes for the various values of α can be read directly from Tables 5 and 10 . In four dimensions, the fields transform under SU(1, 1) ≃ SL(2, R), and the value of α is determined by the relation [24] 
where p is the rank of the form and n 1 and n 2 are the number of indices along the directions 1 and 2 of SL(2, R) respectively. Reading the representations of the fields from Table  5 , we get that Tables 5 and 10 , the value of α is given by
In Table 5 Finally, we consider in Table 10 only the fields giving branes with α = −2, ignoring all the other branes with more negative α. This is 24 0-branes from A We summarise the result for α = 0 and α = −2 in Tables 11 and 12 . The reader can see that the number of α = 0 branes in a given dimension can be derived from the number of branes in one dimension above using the wrapping rules
This implies that their number in any dimension can be derived from the branes in six dimensions using the wrapping rules. Similarly, the α = −2 branes satisfy the wrapping rules
From the branes in six dimensions and applying these wrapping rules one derives the numbers of all the α = −2 branes in any dimension. In [24, 27] the duality between the Type-IIA theory compactified on K3 and the heterotic theory on T 4 was used to determine how the wrapping rules can be applied in K3 compactifications. More specifically, one identifies a basis of six homology 2-cycles, and allowing the IIA branes to either wrap these 2-cycles, the whole of K3 or remain unwrapped, and using the same wrapping rules as derived for the torus reduction, one reproduces the branes of the heterotic side, in agreement with the duality. We can now apply this result to the heterotic theory compactified on K3, to see whether this reproduces the number of six-dimensional branes that we have derived in this paper. The only branes of the heterotic theory in ten dimensions are the fundamental string (α = 0) and its solitonic dual NS5-brane (α = −2). The fundamental string cannot wrap, because there are no 1-cycles, and the wrapping rules imply that if it does not wrap, it does not double. Therefore one obtains a single α = 0 1-brane in six dimensions, as in Table 11 . The NS5-brane gives the dual α = −2 string when it wraps on the whole of K3, and the α = −2 wrapping rules imply that it does not double, giving only one string as in Table 12 . The NS5-brane can also wrap on a 2-cycle to give a 3-brane. There are six possibilities, while the two directions in which this brane does not wrap give two factors 2 because of the doubling. This gives exactly 24 3-branes as in Table 12 . The fully unwrapped NS5-brane is not allowed in six dimensions because of supersymmetry. A similar phenomenon occurs in the half-maximal case, where an additional halving takes place for the unwrapped NS5-branes, as discussed in [27] . In that case the halving was interpreted in the orbifold limit T 4 /Z 2 of K3 as an additional action of Z 2 on the charges, leading to a self-duality condition. In this case we expect that Z 2 projects out the charge completely.
Central charges and degeneracies
In this section we want to study the relation between the number of half-supersymmetric branes and the supersymmetry algebra in theories with 8 supercharges. We will only consider the theories that can be uplifted to six dimensions and such that the symmetry group of the hyper-sector has four non-compact Cartan generators. These are indeed the theories whose brane structure is universal, as we have shown in section 4. The R-symmetry of the theories with eight supercharges is SU(2) in six and five dimensions, U(2) in four dimensions and SU(2) × SU(2) in three dimensions. In six dimensions, the supercharge is a chiral spinor which is also a doublet of SU(2) satisfying symplectic-Majorana conditions. In five dimensions the spinors satisfy the same symplectic-Majorana conditions. In four dimensions the supercharges are doublets of Majorana spinors. Finally, in three dimensions the supercharges are Majorana spinors in the (2, 2) representation. The resulting central charges in the supersymmetry algebra are summarised in Table 13 . We want to relate the central charges in Table 13 and their duals (with the exception of the n = 0 charge and the momentum operator, which cannot be dualised) to the halfsupersymmetric branes discussed in the previous sections. The central charges determine the BPS-conditions of the corresponding branes, i.e. which supersymmetries are preserved on the brane. As we will see, the BPS conditions are degenerate, which means that to each central charge one associates different branes. This degeneracy implies that a bound state of these branes keeps preserving the same amount of supersymmetry. The same degeneracy analysis was performed in [22, 28, 39, 21] for the maximal theories and in [24] for the half-maximal ones. In the maximal case, the branes with more than two transverse directions are in one-to-one correspondence with the central charges and thus there are no degeneracies, while all the defect branes have degeneracy 2 and the domain walls and space-filling branes have even higher degeneracy. In the half-maximal case the degeneracy is twice the one of the maximal case, and in particular it is 2 for branes with more than two transverse directions and four for defect branes. As we will see in the following, in theories with eight supercharges the degeneracy is twice that of the half-maximal case and four times that of the maximal case. Indeed, we will find that the branes with more than two transverse directions have degeneracy 4 and the defect branes have degeneracy 8. Below we discuss each dimension separately.
6D:
As we have seen in section 4, in six dimensions there are two 1-branes and 24 3-branes. From Table 13 we read that there is a singlet charge with n = 1 (the momentum operator) and a self-dual n = 3 charge in the 3. The n = 1 charge corresponds to the pp-wave, the KK-monopole and the two 1-branes. It thus has degeneracy four. The n = 3 charge in the 3, instead, corresponds to the 24 3-branes, giving a degeneracy 8. We note that in both cases the degeneracy is twice the degeneracy of the half-maximal case and four times the degeneracy of the maximal case. There are no other charges because we cannot dualise the momentum operator. This is consistent with the fact that we have no other branes.
5D:
The branes with more than two transverse directions in five dimensions are three 0-branes and three 1-branes. There is a singlet n = 0 central charge corresponding to the KK-monopole and the three 0-branes, while the singlet n = 1 momentum operator corresponds to the pp-wave and the three 1-branes. In both cases we get degeneracy four. The n = 2 charge is in the 3, and it corresponds to the 24 2-branes so that the degeneracy is 8. This is again twice the degeneracy of the half-maximal case. The n = 2 charge can be dualised to an n = 3 charge. There are 48 + 24 3-branes, and this gives in total degeneracy 24. There are no other central charges because the momentum operator and the n = 0 charges cannot be dualised.
4D:
In four dimensions there are two singlet n = 0 charges with different U(1) weight. The four fundamental and four solitonic 0-branes are associated to each of the central charges, which thus have both degeneracy four. The singlet n = 1 central charge corresponds not only to the pp-wave and the fundamental string, but also to the S-dual of the fundamental string (with α = −4) and the four α = −2 1-branes in the vector-multiplet sector. We therefore have total degeneracy 7. Note that this case is special due to the fact that these defect branes have the same BPS condition as the pp-wave. A similar phenomenon occurs in the maximal and half-maximal case in four dimensions [28, 24] . The other n = 1 central charge is in the 3 and it corresponds to the 24 defect branes in the hyper-sector, leading to a degeneracy 8 as usual. The n = 2 central charges are associated to the domain walls. There are 6 charges and 192 branes, resulting in a degeneracy 32. Finally, the n = 1 central charge in the 3 can be dualised to give an n = 3 charge. There are 96 3-branes with α = −2 and with α = −6, each with degeneracy 32, and 192 3-branes with α = −4, with degeneracy 64.
3D:
In three dimensions the 0-branes are defect branes. The n = 0 charges are in the (3, 1) + (1, 3), and there are 24 0-branes in each hypermultiplet sector. This implies a total degeneracy 8 as usual. The n = 1 charges are in the (1, 1) + (3, 3) . The 8 + 16 1-branes in each hyper-sector are associated to the singlet, while the 576 1-branes in the mixed sector are associated to the charge in the (3, 3) . This latter charge can also be dualised to give an n = 2 central charge. The total degeneracy of the 2 × 2304 space-filling branes is 512. This finishes our discussion about the degeneracy of the central charges in theories with eight supercharges.
Conclusions
In this paper we have first given a group-theoretic characterisation of the 1/2-BPS branes in half-maximal theories. In the maximal case these branes correspond to the components of the potentials associated to the longest weights of the representation of the global symmetry group [21] . In this classification, the fact that the symmetry group is maximally non-compact plays a crucial rule. In the half-maximal case, the supergravity theory in 10 − d dimensions coupled to d + n abelian vector multiplets possesses a global symmetry SO(d, d + n), which is not maximally non-compact (for n = 0, 1). The 1/2-supersymmetric branes correspond to the components of the representations of SO(d, d + n) that satisfy the light-cone rules [24] . The Tits-Satake diagram associated to the given real form of the orthogonal group determines the reality properties of the roots and the weights of the corresponding algebra, and we have shown that the light-cone rules identify the components of each representation that correspond to 1/2-supersymmetric branes as the ones that are associated to the real longest weights.
We have generalised this result to the supergravity theories with 8 supercharges. In particular, we have analysed theories with scalars parametrising coset manifolds. Considering for each simple factor of the global symmetry group the corresponding Tits-Satake diagram, we have classified all the 1/2-BPS branes of these theories determining the number of real longest weights. We have first determined the number of 1/2-BPS branes of the theories whose coset manifolds are given in Table 4 . These theories, that do not contain hypermultiplets in dimensions higher than three, are all the theories whose reduction to three dimensions gives scalars parametrising a symmetric manifold. We have then considered the branes with scalars in the hypermultiplet sector.
What our classification shows is that the first five chains of theories in Table 4 give all exactly the same number of branes in any dimension. The SO(4, n) theories give the same number of branes for any n ≥ 4 because changing n does not lead to a different number of lightlike directions. This translates to the property that, for a given representation, the number of real longest weights does not depend on n, as long as n ≥ 4. For the F 4(4) , E 6(2) , E 7(−5) and E 8(−24) chains, corresponding to the "magic" supergravities (see the first reference in [31] ), exactly the same happens. The F 4(4) chain is maximally non-compact, and thus one simply counts the longest weights of each representation to obtain the number of branes. The other three cases give exactly the same result as the F 4(4) chain once the roots and weights are projected on their real part. In this sense, one can think of E 6(2) , E 7(−5) and E 8(−24) as being to F 4(4) exactly what SO(4, n) with n > 4 is to SO (4, 4) . We have also explained why all the magic supergravities give the same brane structure as the SO(4, n) theories. The final outcome is that the brane structure of all these theories is identical. In other words, there is a universal brane structure underlying the theories with 8 supercharges. What the theories just considered have in common is that they can all be uplifted to six dimensions. The last three chains of theories in Table 4 , instead, cannot be uplifted to six dimensions and thus the number of branes that one gets is less than what supersymmetry allows.
An interesting spin-off of our analysis is that we are now able to give a full classification of all 'vector-branes', i.e. half-supersymmetric branes whose worldvolume dynamics is determined by a single vector multiplet. The worldvolume action for such a vector multiplet is given by a supersymmetric Born-Infeld theory. Vector branes have recently been studied in the context of constructing new supersymmetric invariants when studying the UV properties of perturbative supergravity [40] . Only the highest dimension is given. The V3-brane between bracket belongs to the sixdimensional chiral supergravity theory for which one cannot define α.
of the D-branes scales with the inverse string coupling constant, i.e. they have α = −1, and this implies that fundamental strings can end on them. As a consequence, they can be described by imposing Dirichlet boundary conditions on the fundamental string. In the type-II theories, though, there are also additional vector branes that are more nonperturbative, i.e. they have more-negative values of α. In particular, in the IIB theory one has the NS5-brane, with α = −2, the S-dual of the D7-brane, with α = −3, and the S-dual of the D9-brane, with α = −4. In theories with sixteen supercharges there are no Dirichlet branes, i.e. there are no branes that are defined by being the end-points of fundamental strings. Indeed, the Dirichlet branes of the Type-I theories have a worldvolume dynamics that is described by a hypermultiplet and not by a vector multiplet. Nonetheless, there are vector branes with α = −1. In particular, in the heterotic theory compactified on a torus there are vector branes with α = −4. They correspond to branes on which non-perturbative solitonic strings end. The highest dimension in which these branes exist is six. More specifically, in six dimensions one finds that the (1, 1)-supergravity theory has V 4 and V 5-branes whereas the chiral (2, 0)-supergravity theory allows for V 3-branes and V 5-branes [24] . Moving to the theories with eight supercharges studied in this paper, one can derive the worldvolume content from the Wess-Zumino terms that arise from the fields in Tables 5 and 10 . We find that the only vector branes that are present are the V3-branes that couple to the potentials A 4,M N 1 N 2 N 3 in four dimensions. Such branes have α = −4 and there are 96 of them. Like the vector branes in six dimensions they correspond to branes on which solitonic strings can end. To summarise, we report in Table 14 the highest dimension in which vector branes appear, together with their value of α and the number of supercharges preserved on the world-volume. An important outcome of the brane classification performed in this work is that the same wrapping rules we derived in the maximal case and verified in the half-maximal case also work for string theories with 8 supercharges. This shows the universal nature of these wrapping rules. They precisely tell us how to relate branes in different dimensions. In some sense the wrapping rules tell us how the different branes 'see' the underlying stringy geometry. We expect that this particular approach of describing the stringy geometry should be equivalent and complementary to other approaches in the literature, such as the doubled geometry [41] , double field theory [42] and the exotic brane description of U-folds [43] . Hopefully, our work will help in clarifying these relations and will be a useful step in unraveling the mysteries of the proper geometry underlying string theory.
